BOUNDARY VALUE PROBLEMS FOR MIXED TYPE EQUATIONS AND 

APPLICATIONS 



MARCUS A. KHURI 

Abstract. In this paper we outline a general method for finding well-posed boundary value problems 
for linear equations of mixed elliptic and hyperbolic type, which extends previous techniques of 
Berezanskii, Didenko, and Friedrichs. This method is then used to study a particular class of fully 
nonlinear mixed type equations which arise in applications to differential geometry. 



1. Introduction 

An old classical problem from differential geometry asks, when can one realize a 2-dimensional 
Riemannian manifold, locally, in 3-dimensional Euclidean space? In other words, when can one 
"see" an abstract surface, at least locally? As it turns out, this question is equivalent to finding local 
solutions z(x,y) to a Monge- Ampere type equation, referred to as the Darboux equation: 

(1.1) detVyz = K(deth)(l - \V h z\ 2 ). 

Here h is the given Riemannian metric, Vjj are second covariant derivatives, and K is the Gaussian 
curvature of h. Another related problem is that of locally prescribing the Gaussian curvature of 
surfaces in 3-dimensional Euclidean space. More precisely, given a function K(x, y) denned in a 
neighborhood of the origin, does there exist a graph z = z(x, y) having Gaussian curvature Kl Note 
that every surface may be expressed locally as a graph. This problem is also equivalent to the local 
solvability of a Monge- Ampere equation, namely 

(1.2) det<%z = K(l + |Vz| 2 ) 2 , 

where dij are second partial derivatives. In both equations (ll.ip and (|1.2p . the sign of the Gaussian 
curvature completely determines the type of the equation. When K is positive the equation is elliptic, 
and when K is negative the equation is hyperbolic. Thus classical results may be used to analyze 
these problems in these two situations. However when K changes sign, the equation is of mixed type, 
and is very difficult to study. Nevertheless, it can be shown [6] that by a suitable application of a 
Nash-Moser iteration, these two problems reduce to the study of a linear equation having a particular 
form described below. More precisely, in order to successfully apply the Nash-Moser iteration, one 
must find a well-posed boundary value problem for the associated linearized equation, in a fixed 
domain about the origin, and establish certain a priori estimates. In previous work by Han, Hong, 
Lin, as well as the author, this has been accomplished in the case for which the Gaussian curvature 
changes sign to finite order along a single smooth curve (see [3], [I], [5], [7J, [H]), and also in the 
case for which the Gaussian curvature vanishes to finite order and has a zero set consisting of two 
transversely intersecting curves (see [6], [8]). Our goal here is to extend these results by giving 
a general condition on the Gaussian curvature, which in particular allows for a change of sign to 
infinite order and a zero set for K which is more general than a finite number of intersecting curves. 
Counterexamples to the local solvability of mixed type Monge- Ampere equations, similar to, but not 
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exactly of the form studied here, have been found [9] in the case of infinite order vanishing. Our 
main result is 

Theorem 1.1. Let e > a small parameter. Suppose that the Gaussian curvature K G C°° satisfies 
the following condition in a neighborhood of a point, 

(1.3) Vyif > s{\VK\ + \K\) 

for some smooth vector field V . Then both equations M.l}) and Itl.fy) admit sufficiently smooth local 
solutions. 

By a sufficiently smooth local solution, we mean that for each sufficiently large integer m there 
exists a neighborhood Vt m such that the solution z G C m (£l m ). However, this does not necessarily 
imply that smooth local solutions exist, since the size of the domains f2 m may become arbitrarily small 
as m — > oo. Note that condition ()1.3|) will be satisfied for a wide variety of Gaussian curvatures. To 
see this, suppose that local coordinates x, y have been chosen near a point (corresponding to the origin 
in the xy-plane) such that the vector field V is given by d y . Then we may take K(x, y) = k{y)(j){x, y) 
where <f> > 0, k(y) = exp(— for y > 0, k(y) = — exp(— for y < 0, and k(0) = 0. In this 
example K changes sign to infinite order across a single curve. However the zero set -ff -1 (0) may be 
much more general. For instance K~ l {f)) may be given by the region |y| < \x\\ if K > for y > \x\ 
and K < for y < —\x\ then condition fjl .3j) will be satisfied in a sufficiently small neighborhood of 
the origin. 

Consider the following class of boundary value problems for linear second order partial differential 
equations of the form: 

Lu = Ku xx + u yy + Au x + Bu y = f in £1, 
^ ^ Bu = au x + (3u y + 7« = g on dft. 

The coefficient functions of L and B are assumed to be smooth in the domain Q C M 2 and on its 
(piecewise smooth) boundary 30, respectively. Moreover the function K will be required to change 
sign in f2, so that L is of mixed elliptic and hyperbolic type. In the case that K = y and A = B = 0, 
L is the well-known Tricomi operator, which has been heavily studied in the context of transonic 
flows. The change from elliptic to hyperbolic type as one crosses the a>axis represents the passing 
from subsonic to supersonic speeds. In [T3], Tricomi studied the homogeneous equation (/ = 0) inside 
a domain bounded by a simple arc in the elliptic region y > 0, and two intersecting characteristic 
curves in the hyperbolic region y < 0, which emanate from the two points where the arc intersects 
y = 0. Dirichlet boundary data, that is Bu = u, were then prescribed on the simple arc and on one 
of the characteristic curves, leaving the other characteristic curve without any prescribed boundary 
conditions. He was able to show that this boundary value problem is well-posed: it admits a unique 
regular solution, with continuous dependence on the given data. Such problems may be described as 
open boundary value problems, since the solution is not prescribed in any way along some portion 
of the boundary. Open boundary value problems arise in flows in nozzles and in other applications, 
and have received considerable attention. In contrast, closed boundary value problems, in which 
Bu is prescribed on the whole boundary, are less well-studied. This lack of attention is not due, 
however, to the absence of applications. For instance closed problems arise in constructing smooth 
flows about airfoils. Rather, closed problems turn out to be more difficult to study, since they are 
often overdetermined for regular solutions. In [12], Lupo, Morawetz, and Payne considered such 
closed problems for the Chaplygin equation, where A = B = and K = K(y) satisfies the condition 

K(0) = 0, and yK{y) > 0, for y / 0. 
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They showed the existence and uniqueness of weak solutions for the the Dirichlet and mixed Dirichlet- 
conormal boundary value problems, with minimal restrictions on the boundary geometry of the 
domain. Previous results on closed problems, often required restrictions on the boundary geometry 
or on the way in which K changes sign that were too strong to be of much help in applications to 
transonic fluid flows. 

In this paper, we will study the case of homogeneous boundary conditions for problem (jl.4p . with 
very weak restrictions on the possible ways in which K changes sign. Unlike in the Tricomi case, 
when K = y, one cannot ignore the lower order terms, and thus we will find appropriate conditions 
to impose on the functions A and B for which this problem is well-posed. Our goal is then to find a 
natural closed boundary value problem which admits a unique, regular solution for each right-hand 
side /, and which admits appropriate a priori estimates to show a strong continuous dependence on 
the given data. The domain will be taken to be a rectangle 

(1.5) n = {(x,y) | \x\ < 1, |y|<l}, 

however the two sides x = ±1 will be identified so that becomes a cylinder. Thus all the functions 
involved must be 2-periodic. Altogether this has the effect of greatly simplifying the problem by 
eliminating half of the boundary. On the remaining two portions of the boundary, conditions will 
be imposed as follows. On the top of the cylinder y = 1 (in the elliptic region), Dirichlet conditions 
Bu = u will be fixed, while on the bottom y = —1 (in the hyperbolic region), an oblique derivative 
condition Bu = au x + u y will be applied for some appropriately chosen constant a depending on K. 

In the process of studying this problem, we will outline a general method for determining appro- 
priate boundary value problems for mixed type equations of the form (jl.4p . The procedure is in 
fact just a reorganized version of the classical a — b — c method of Friedrichs (also referred to as 
the multiplier method |13| ) together with the techniques of Berezanskii [1] and Didenko [2], which 
involve global energy estimates and negative norm spaces. 

In order to state our result for the linearized equation, let e > be a small parameter, and let £1 
be given by (|1.5j) . Consider the following boundary value problem 

L £ u = eKu xx + u yy + eAu x + eBuy = f in f2, 
^ ^ u(x, 1) = 0, (au x + u y )(x, —1) =0, u is 2-periodic in x. 

We would like to point out that similar boundary conditions were studied by Han in [3], in the setting 
of a first order system and where K = y + O(e). 

The Sobolev space of square integrable derivatives up to and including order m, for functions 
2-periodic in x, will be denoted by H m (Q), and its norm will be denoted by || • ||ifm(Q). We will 
prove 

Theorem 1.2. Let m be a nonnegative integer, e > a small parameter, and a a constant. Suppose 
that the coefficients K , A, and B are smooth, 2-periodic in x, and satisfy the following condition 

(1.7) K y -aK x + 2aA>e 1/4 (\K x \ + \K\ + \A\) in Q. 

If a 2 > — emm^i^ K(x, — 1), and e is sufficiently small, depending on m, a as well as on the 
coefficients of L, then for each f £ H m+1 (Q) there exists a unique solution u G H m (Q) of boundary 
value problem U.6\) . Moreover, there exists a constant C depending only on m and the coefficients 
of L and their derivatives up to and including order m, such that 
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We also remark that the solutions produced by Theorem 11.21 actually possess slightly better reg- 
ularity than is stated here. This will become clear from the proof in Section 

This paper is organized as follows. In Section [2] we review the required functional analysis, and 
introduce the general procedure for ascertaining appropriate boundary conditions to obtain a well- 
posed problem. In Section [3] this procedure is used to treat (jl.6p . and to prove Theorem II .21 Finally, 
the proof of our main result Theorem 11.11 is given in Section UJ An appendix, Section [5j contains 
proofs of some functional analysis results. 

2. Finding the Appropriate Boundary Conditions 

We begin by introducing the necessary functional analysis needed to apply the general procedure 
for ascertaining appropriate boundary conditions associated with a differential operator. Much of 
the discussion in this section is expository, and is reorganized here for our particular application. 

Frequently when dealing with mixed type equations, regularity will occur at different levels for 
different directions, and it is then advantageous to have function spaces which can identify this 
difference. Thus we will be working with the anisotropic Sobolev spaces H^ m ' l \i}), which consist of 
functions having square integrable derivatives up to and including order m in the x-direction and 
order I in the y-direction. Here is a domain in the xy-plane, and the norm on these spaces is given 
by 

ii u uko= / E ^ d » 2 - 

0<s<m 
0<t<! 

We will also have need of the negative norm spaces of Lax |10| . For each v E L 2 (il) the negative 
norms are given by 

(2-1) |MI(- m ,-0= sup IV ,l , 

ueH( m ' l )(Cl) II u \\{m,l) 

where (•,•) denotes the L 2 (Q) inner product, and the spaces are defined to be the 

completion of L 2 (S1) in this norm. Clearly 

|| v ||(_ m _j)<|| v \\:=\\ v ||( ,o)<ll v \\(m,l), 
and so the following inclusions hold 

H( m > l \tt) C L 2 (0) C H(- m >- l \Q). 
Moreover we have the generalized Schwarz inequality 

(2.2) |( Uj «)| <|| u || W) || v \\ { - m ,-l), u e H^(Q), v E H(- m >~ l \n). 

The negative norm spaces are important because they arise as the dual spaces to the Sobolev spaces. 
Let L be a linear partial differential operator, and consider the boundary value problem 

(2.3) Lu = f in fl, Bu = on dn, 
and the associated adjoint problem 

(2.4) L*v = g in ft, B*v = on dn, 

where B is as in (jl.4p . L* is the formal adjoint of L, and the adjoint boundary conditions B*v = 
are defined as follows. Let Cg°(r2) denote the space of smooth functions (up to the boundary) on 
satisfying the boundary condition in (|2.3|) . Then a function v G C 1 (J7) is said to satisfy the adjoint 
boundary conditions if (Lu,v) = (u,L*v) for all u E 0^(0,). The space of smooth functions (up to 
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the boundary) on Q satisfying the boundary conditions of (|2.4|) will be denoted by CJ£(f2). Our first 
task is to find an appropriate notion of weak solution for (|2.3p . We will say that u £ H^ m ' l \i}) is a 
weak solution of (|2.3|) . if 

(2.5) (u, L*v) = (/, v) for all v € C^(H). 
Clearly a weak solution in C 2 (0) satisfies f|2.3j) in the classical sense. 

Theorem 2.1. Let m,l,s,t £ Z>o- There exists a weak solution u £ H^ m,l \^l) of \2. 3\) for each 
f £ iT^'^(O), if and only if there exists a constant C such that 

(2.6) || v || ( _ a ,_ t) < C || L*v || ( _ m; _ /or a// « e C^(O). 

This theorem generalizes a well-known result in the context of classical Sobolev spaces (see pQ) 
to the case of the anisotropic Sobolev spaces. The proof requires only slight modification of the 
original and is thus relegated to the Appendix. Moreover, this theorem shows that the problem of 
existence for (I2.3f) is reduced to establishing the inequality (12.6H . We now outline the basic procedure 
for accomplishing this goal. This procedure will be implemented in the next section, for boundary 
value problem (jl.6p . 

Let v E Cg2(f2), and consider an auxiliary boundary value problem 

Mu = v in Q, Bu = on dQ, 

where the differential operator M and boundary operator B are to be determined. The use of 
auxiliary boundary value problems to study mixed type equations was first put forth by Didenko [2]. 
Note that upon integrating by parts we have 

(2.7) (L*v,u) - {v,Lu) = / h(u,v), (Mu,Lu) = / J 2 («,«)+ / h(u,u), 

Jan Jn Jan 

for some quadratic forms I\, I2, and I3. The goal is then to choose M, B, and B* appropriately so 
that 

(2-8) J hM^c-^iuW^, 

( 2 -9) || v ||(- s _t)< C || u || (m)Z ), 

and 



(2.10) / (h(u,Mu) + h(u,u))>0, 

Jan 

where an additional integration by parts may be needed to obtain this last inequality. If this is 
successfully achieved, then by applying the generalized Schwarz inequality, (|2.8j) . and (|2.1U|) . we have 



u \\(m,l)\\ L*v ||(-m,-0 > (L*v,u) 

= (v,Lu) + / h(u,v) 
Jan 



(Mu,Lu) + / h(u,v) 
Jan 

h(u,u)+ / (h(u,Mu)+I 3 (u,u)) 
n Jan 

^ C II u \\(m,l) ■ 
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The desired inequality (I2.6P then follows from (|2.9p . In choosing the boundary conditions B* , we note 
that the stronger the condition, the easier it is to establish (|2.10p . and hence existence. However a 
strong condition B* implies a weak condition B, which could then make proving uniqueness for (|2.3p 
difficult. Conversely, if the condition B* is weak, then the condition B will be strong, which is an 
advantageous situation for uniqueness but not existence. This just illustrates the intuitive fact, that 
a certain balance, between existence and uniqueness, is needed when choosing boundary conditions 
in order to achieve a well-posed problem. 

Lastly we point out how this procedure differs from the standard techniques. The first difference 
is the use of the anisotropic Sobolev spaces, while the second difference concerns the use of inequality 
(|2.10|) . Typically boundary conditions are chosen so that each of the boundary integrals involving 
Ii(u,v) and I^(u,u), vanish. This is of course much more restrictive than the requirement (|2.10p . 
It is primarily this observation (that only (|2.10p is needed) which allows us to establish the main 
theorems. 

3. Proof of Theorem 11.21 

In this section we will study the following boundary value problem 
L e u = eKu xx + u vv + eAu x + eBu v = f in f2, 

(3.1) 

u(x, 1) = 0, (au x + u y )(x, —1) =0, u is 2-periodic in x, 

where 

^ = {(x,y) | \x\ < 1, \y\ < 1}, 

and where a is a constant and all coefficients K, A, B, as well as the right-hand side /, are 2-periodic 
in x. The adjoint boundary value problem is given by 

^ L*v = eKv xx + v yy + e(2K x - A)v x - eBv y + e(K xx - A x - B y )v = g in fi, 

v(x,l)=0, {av x — v y )(x, — 1) = 0, v is 2-periodic in x. 

We will first establish existence for (|3.ip in the appropriate spaces, under the assumption (|1.7p . This 
will be accomplished by following the procedure from Section [2j 
To begin, consider the auxiliary problem 

TO 

Mn = ^(-irA- s [^.(a9X) + ^(6a> s/ )+^(c^n)]= W in ft, 

u(x, 1) = 0, u is 2-periodic in x, 

where v S Cg?(f2), and a, b, c are functions to be given below (which are 2-periodic in x); in fact 
b and c will be functions of y alone. We claim that a unique smooth solution always exists. To see 
this, let 

TO 

w = j2(-iy^- s d 2 x s u. 

s=0 

Clearly knowledge of w yields knowledge of u. Thus we may create an iteration scheme in the 
following way, to find u. Let no = 0. Given U{, solve 

TO S / \ 

ad x w i+ i + bdyWj+i + cw i+ \ = v - y^(-l) g A~ 5 ^ ( j d l x ad 2 x s ~ l (ui) x , in fi, 

s=0 1=1 ^ ' 

Wi + i(x, 1) = 0, Wi + \ is 2-periodic in x, 
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for ttfj+i to obtain Uj+i. Note that this equation admits a unique smooth solution as long as b ^ 
in f2, according to the theory of first order partial differential equations. Moreover estimates are 
readily available and can be used to show that the sequence {uj}, so obtained, converges to the 
unique smooth solution of f|3.3[) . 

Let (711,712) denote the unit outer normal to d£l. In order to find the quadratic forms I±, I2, and 
I3 of (I2.7D . we integrate by parts and calculate 



(au x + bu v + cu, L e u) 



(3.4) 



v 

2 



= e I -[{bK) y - 2cK - (aK) x + 2aA]u 2 x + [bA - (bK) x - e~ l a y - aB}u x u 

+ e / o [e _1 (ax - - 2c) + 26fl]t^ + -[(afQ^ + e" 1 ^ - (cA) a - {cB) y ]u 

[ 1 1 

+ e / -[alfni — 6Kn2]n^ + \bKn\ + e~ 0712] li^ity + e _1 -[&7i2 — ani]u y 

+ £ / [cKni]nn x + [e _1 cn2]nn y H — [cv4ni + aBri2 — (cif) x ni — e _1 c y n2]7J 2 , 
Jdn 2 



(3.5) 

(Mm, L e u) 



= J2 ^' S (^d s x u) x + 6(9», + c(d s x u),L £ (d s x u)) 

s=0 

+ J2e\- s (a(d s x u) x + b(d x u) y + c(d s x u),^2( J J (d l x Kd x ~ l+2 U + d l x Ad s - l+1 u + ^B^%)), 

s=0 i=l ^ ' 



and also 



(3.6) (L*v,u) — (v, L £ u) = j [en\Kv x u — en\Kvu x — n^vuy + U2V y u + e(n\K x — n\A — ri2B)uv\. 

Jan 



Note that no boundary terms appear in (|3.5|) due to periodicity in the x-direction. According to the 
choice of the domain O, we may disregard any boundary term with a factor of n\. Moreover, we will 
choose b so that b 7^ in Q, and thus it is clear from (|3.2p and (|3.3|) that u(x, 1) = u y (x, 1) = 0. 
These two facts help simplify the expressions in (|3.4p . (|3.5p . and (|3.6p . Furthermore by using the 
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boundary condition B*v = 0, and replacing v with Mu, in (j3.6|) . we find that 
(3.7) 

{L* e v,u) - (v,L e u) 

= / (—Ti2vu y + n.2VyU — en^Buv) 

Jy=-1 

= / v(u y + au x + eBu) 
Jy=-l 

„ m 

= I ^2\' s {ad s x u x + bd s x Uy + cd s x u){ad s x u x + d s x u y + eBd s x u) 

+ / e X- S (ad s x u x + bd s x u y + cd s x u) £( 8 d^Bd^u 
Jy=-i s =o i=i v ' 

= / ^ A^cra^u^) 2 + (a + ab){d x u x )(d s x u y ) - b(d x u y ) 2 - -ac x (d x u) 2 + c{d x u)(d x u y )] 
■>y - ' « o ' 2 

- / e E A~ s [^(ai?),(a» 2 - 6£(d»(c?* % ) - cB{d s x 
+ e X- S (ad s x u x + bd s x u y + cd s x u) £ I * ) 



?» 2 ] 



s=0 

s / 

s=0 Z=l 

Therefore by combining equations (13. 4p (with various derivatives of u), (j3.5l) . and (13. 7p we obtain 



(3.8) 
(L* £ v,u) 



e 

m 



= V A^e / -[(«£% - 2 Cj FC - (aK), + 2a.4](c>X) 2 + M - - e~ l a y - oB]^^)^^) 

^ 2 

+ A" s e / -[e-\a x -by- 2c) + 2bB]{d s x u y f + -[{cK) xx + e" 1 ^ - (cA) x - (cB) y ](d s x u) 2 

s=0 ^ n 

m s / \ 

+ J2^~ S Hd s x u) x + b(d s x u) y + c(d s x u), £ " (d l x Kd s x ~ l+2 u + d l x Ad s x r l+1 u + d x Bd x - l u y )) 

s=0 1=1 ^ ' 



+ E X ~ S I I aa + \ £hK WxV>x? + \b{d s x u y f + ab(d s x u x )(d s x u y ) 

s =o J y=- 1 2 2 

+ |V S f ebB{d s x u){d s x Uy) + \[cy + e{cB-{aB) x )]{d s x u) 2 

s =o J y=- 1 2 

s =o Jy=-i i =1 V / 
We are now ready to choose the functions a, b, and c. Let <f> solve the following ODE 
a<j) y + eaBcj) = e(A — K x ) in SI, 4>(x,— 1) = 1. 
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Note that according to the definition of a in Theorem 11.21 <p = 1 + 0(e/\a\). Now set 
(3.9) a = a<j), 6 = 1, c = -e 1/2 + e 3/4 (3y + y 2 ). 

We immediately have 

(cK) xx + e- x c yy - (cA) x - (cB) y > e- 1 ^ + 0(e 1/2 ), 

e- x {a x -by- 2c) + 2bB > e~ x l 2 + 0(e~ 1/4 ), 

and by the hypothesis (|1.7|) we also have 

(fcfif),, - 2cK - (aK) x + 2aA > 0. 

By construction of <f> it follows that the coefficient of the mixed derivative term (d x u x )(d x u y ), in the 
second line of (|3.8p . is zero. There is however another mixed derivative term in the third line of 
this same equation, however for e sufficiently small this is dominated by the sum of the two terms 
involving (d x u x ) 2 and (d x u y ) 2 . The remaining interior terms may be treated by one more integration 
by parts, and by taking A sufficiently large. As for the boundary terms, we have that the quadratic 
form 

[era + -ebK](d x u x ) 2 + ab{d s x u x )(d x u y ) + -b(d x u y ) 2 

is positive, since 

by the definition of a. Moreover 

[c y + e(cB - (aB) x )](x, -1) = e 3/4 + 0(e), 

and so the remaining boundary terms may be absorbed into those that are positive by taking e small, 
and A large, after performing the appropriate integration by parts. Therefore there exists a constant 
C > such that 

{L* e v,u)>C- 1 \\u\\ 2 M . 
The generalized Schwarz inequality then yields 

II L*v ||(_ mi _!)> C~ || u || 

(m,l) • 

Furthermore, an integration by parts shows that 

II v ll(-m-l,0)^ C II u ll(m,l)» 

and hence 

II v ll(-m-l,0)< C 2 II L*v ||(_ m _i) • 
Theorem 12. II may now be applied to boundary value problem (|3,ip . to obtain the existence of a weak 
solution u G #^(0) for each / e H( m+1 '°\tt). 

We claim that this weak solution is in fact unique. This follows almost immediately from the 
calculations above. Consider f|3.4[) with the same choices for a, 6, and c as in f|3.9|) . The interior 
terms, all together, are nonnegative, with the coefficient of u 2 positive, as we have shown. As for 
the boundary integral, we may apply the boundary conditions Bu = (we are assuming here that 
/ G C°°(f2) and hence u G C 1 (f2), according to the additional regularity established below) and 
integrate by parts to obtain 

I -bu 2 + I -[ebK + 2aa — a 2 b]u 2 + -[c y — ac x — ecB]u 2 . 
Jy=l 2 Jy=-1 ^ 2 
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This is clearly nonnegative. Therefore if / = 0, we find that the only possible solution is u = 0, and 
hence uniqueness follows. 

In order to obtain higher regularity for the solution given by Theorem 12.11 we will utilize the 
following standard lemma concerning the difference quotient 

u(x,y + q) -u(x,y) 
u q (x,y) := . 

Lemma 3.1. i) Let u G H^'^iVl) and f2' CC (that is, Q' is compactly contained in £1). Then 

II uQ llL 2 (n')^ll u v \\L 2 (n) 

for all < |g| < §dist(Q', dfl). 

ii) Ifue L 2 {Q) and \\ u q || L 2 (n ,)< C for all < \q\ < £dist(fi', 0fi), then u G H^(W). 

Let u G i?( m,1 )(fi) be the weak solution given by Theorem 12. 14 for / G i? m+1 (J7). We will show 
that in fact u G H m (0,). If m < 1 then this statement follows trivially, so assume that m > 2. We 
may integrate by parts to obtain 

-(u y + eBu, Vy) = (/ - eKu xx - eAu x + eB y u, v) 

+ / (eAvuni — v y uu2 — eKv x un\ — eK x vun± + eKvu x n\), 
Jan 

for all v G CgS(f2). Note that since u G H 1 ^) we have that u\qq is meaningful in L 2 (d£l), and 
in particular, as Bu = 0, we have that u(x, 1) = in the L 2 -sense. Moreover u x G H 1 ^) and so 
Ux\an £ L 2 (dQ). Thus we may integrate by parts and use that B*v = in order to show that 

/ (eAvuni — v y un2 — eKv x un\ — eK x vun\ + sKvu x ni) = 0. 
Jan 

We may then write 

(u, v y ) = (/, v) for all v G CgS (fi), 

where 

u = —u y — eBu, f = f — sKu xx — eAu x + eB y u. 

Furthermore 

[vfl, v y ) = (f Q , v) for all v G C c °°(fi), 

so that choosing a sequence Vi G C^°(J7) with Uj — > —nu q in H^^{yi) for some nonnegative n G 
C™(n), implies that 

II Vvu q || 2 < \(7\w q )\ + \(u q ,VyU q )\ + \(u q ,n(eBu) q )\ 

< ii VvT mi v^« 9 ii + ii mi n + n mi v^{eBu) q n, 

where || • || denotes the L 2 (Q) norm. Then since u, f G H^(n) and |Vr/| 2 < Cry, Lemma ED (*) 
yields || ^frya q ||< C for some constant C independent of q, if l^l is sufficiently small. Now Lemma [3. II 

(ii) shows that u G fl^ 1 ^), as r\ was arbitrary. Hence u yy G L 2 oc (f2). It follows that the equation 
L £ u = f holds in L 2 oc (Q), and since we can solve for u yy , we may boot-strap in the usual way to 
obtain u G H m (Vl). 

Lastly, to show that the solution u satisfies the estimate (jl.8p . we recall the proof of uniqueness 
above. This proof immediately gives 

(au x + bu y + cu, /) > C || u || 2 0)1) . 
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Upon integrating by parts 

(au x , f) = -(it, a f x + a x f), 

and thus we have 

II / ||(i,o)> C II u ll(o,i) ■ 

By differentiating equation (|3.ip with respect to x, and applying a similar procedure, we find that 

II / ||(m+l,0)> C II W ||(m,l) • 

By solving for u yy in equation (|3.ip . we may then estimate all remaining derivatives to obtain the 
desired estimate fll.8|) . This completes the proof of Theorem 11.21 

4. Proof of Theorem 11.11 

Theorem 11.11 follows almost immediately from Theorem 1 1 . 2 1 and previous work. More precisely, as 
is shown in [6], the nonlinear problems (jl.ip and (jl.2p can be reduced to a study of the linearized 
equation via an application of the Nash-Moser implicit function theorem. By an appropriate choice of 
coordinates (see [B]) the following may be arranged. First, the linearized equation will have the form 
(|1.6p where A = K x + ipK for some smooth function ip, and second, the vector field V from (|1.3p will 
be given by e 7 ^ 8 (d y + 0(e)), where the parameter e represents a rescaling of the original coordinates 
and thus determines the size of the domain of existence for the nonlinear equations. Moreover, since 
we are only concerned with local solutions for equations (jl.ip and (jl.2p . we may suitably modify the 
coefficients of the linearized equation away from the origin so that they are 2-periodic in x. Now also, 
(jl.3p implies that (jl.7p holds with a = O^ 1 ^ 2 ), for e sufficiently small. Therefore upon applying 
Theorem 11.21 we obtain a unique solution satisfying an a priori estimate. Lastly, in order to carry 
out the Nash-Moser iteration, a more precise a priori estimate, referred to as the Moser-estimate, 
is needed. The Moser-estimate elucidates the dependence of the solution on the coefficients of the 
linearization, and is easily derived from the energy method of the previous section (see [B]). This 
completes the proof of Theorem 11.11 

5. Appendix 

In this section we include a proof of Theorem 12.11 for convenience of the reader. To begin recall 
that the negative norm spaces arise as the dual spaces of Sobolev spaces. 

Lemma 5.1. H(- m ~ l \tt) = H( m > l \tt)* . 

Proof. For each v G L 2 (£2) define a bounded linear function F v (u) = (u,v) on ij(™,0(O). We first 
show that the set 

A W = {^eH w) (fl)>ei 2 (0)} 

is dense in H^ m ' l \Q)* . To see this, observe that if A( m n is not dense, then there exists F G 
E[(m,l)(yiy — A/ TO n; here A( m n denotes the closure of Ar m n. According to a standard corollary 
of the Hahn-Banach Theorem, there then exists £ G H^ m ' l \n)** such that 2(F) / and £ = 
on A( m n . However by reflexivity of Hilbert spaces there exists a nonzero 

f e ijKO(o) such that 

2(F) = F(f) for all F G H^ l \Q)*. Thus F v (f) = for all F v G A (m>l ), which implies that (/, v) = 
for all v G L 2 (Q), so that / = 0, a contradiction. This shows that A( m n is dense. 
Now consider the map 

3 ■. H(- m >- l \n) H^ m ' l \ny 
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defined in the following way. Each v G H(- m '- l \n) arises cis 3. limit v — lirD.yj,_$. 00 v n , for some 
v n G L 2 (S1). We may then set 3(v) = lm^^oo F v , where convergence is with respect to the operator 
norm. To see that this is well-defined, let v = linin^oo i> n = lim^^^Vn, and observe that since 
|| v || ( _ m -i) = \\ F v || we have 

II F Vn — Fy n 11 = 11 F Vn _jj n || = || v n — v n || — > 0. 
To see that this map is one-to-one, suppose that J(v) = 3(w) then 

= lim || F Vn - F Wn ||= lim || v n - w n ||/ m n = || v -w L_ m n, 

n— >oo n— >-oo v ' ' v ' ' 

so that v = w. Also by the density property proved above, 3 is onto. Lastly 

II || = || F v || = || w ||(_ m _z) 
so that 3 is an isometric isomorphism. 

□ 

We may now construct an inner product on H^'^in). Let 
be the isometric isomorphism given by the Riesz Representation Theorem. Then set 

0^)(-m-z) = (5 r °3(u),joa(f)) (mi0 , 

where (v)(m,Q is the usual inner product on H^ m ' l ^(Q). Note that if v n — > v in then 
— )• i 7 ^ with respect to the operator norm, since for any u G H^ m,l \Q.), 

\(u,v- v n )\ <\\ u || (mj/) || v - v n ||(_ m _;)->- 0. 

This shows that every bounded linear functional on H^ m ' l '(Q) can be represented by F v for some 
w G H^ m ' l \i}), and may be used to find that 

|(u,t>)| 

(v,w)(-m,-0 = G?° 3f(«))( m ,0 =11 3( v ) 11 = 11 11= SU P n — n • 

ueH( m ' l ){Q) II U ll(m,0 

Therefore the inner product (•, ^(-to,-/) correctly generates the norm || • |b TO n given by (12. ip . 
We also note that since Hilbert spaces are reflexive, we could conclude from Lemma 15.11 that 
ij(- m >-0(Q)* = i/( m -0(J7)** = H( m ' l \Q), however we would like a specific form of this result. 

Lemma 5.2. Any G G H^ m - l \Q,)* may be represented by a unique u G H^ m,l \VL), such that 
G(v) = (u,v) for all v G H^" 1 '^^). In particular H^ m '- l \n)* = H^ m ' l \Q). 

Proof. Given u G H^ m ' l \Vl) set G u (v) = (u,v), v G H^~ m ~ l \U). By the generalized Schwarz 
inequality (|2T2) . || G u \\<\\ u \\ {rri)l) so that G u G ij( _m '-')(0)*. Moreover 

\{u,v)\ \{u,Vq)\ _ \F VQ (u)\ 



G u ||= sup -. — n > 



veH(- m - l f(n) II v II (-771,-0 II v o ||(-m,-0 II Fv II 

where vq is chosen such that F Vo (u) =|| u ||( m n and || F Vo ||= 1. This yields || G u \\>\\ u ||( m) /), so we 
have || G u || = || u ||( m ,z). 
Consider the set 

A(-m,-0 = {G u G H(- m >-V(ny | u G ff^fi)}. 
Then A ( _ m _ {) is dense in H^ m >~0 (J2)*. If not, then there exists G G H^™'^^)* -A ( _ m _ /} . By a 
standard corollary of the Hahn-Banach Theorem there exists £ G ii"( _m,_ ')(f2)** such that £(G) 7^ 
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and £ = on A/ TO> _n. By reflexivity there is a nonzero / G H^ m ~ l \Q) with £(G) = G(f) for 
all G G H^- m - l \n)**. Thus G tt (/) = for all G u G A ( _ m _ z) , which implies that («,/) = for all 
it G H^ m 'Q(Q), and hence / = 0, a contradiction. 
Define a map 

by 0(it) = G u . By the density property proved above, each G G iF~ m,- ^(0)* may be given by a 
limit G = limn^oo G UjI , for some u n G IF m '^(Q). Because G Un converges and || G Un || — 1| u n ||( m! ;), 
we have that u n — > u, and thus G(y) = (u,v) for all v G m ~ l >(VL). That is, (5 is onto. It is also 
clear that is one-to-one, and || <S(it) || = || G u || = || it ||( m n, so that (5 is an isometric isomorphism. 

□ 

We now restate and give a proof of Theorem 12.11 

Theorem 5.3. Let m,l,s,t G Z>o- There exists a weak solution u G H( m > l \£l) of H2.3\) for each 
f G jy( s '*'(n), i/ and on/y if there exists a constant C such that 

(5.1) || v ||(_ Sj _ t )< G || L*v ||(_ m> _j) /or a// i;GG^(H). 

Proof. Suppose that the inequality (|5.1j) holds, and consider the linear functional 

F : L*G^(H) =:X^R 

given by 

F(L*v) = (f,v), 

for some fixed / G £f^ s '*'(f2). Note that by the generalized Schwarz inequality and (I5.ip . 

|F(L*«)| <|| / || (Sjt) || u ||(_ s -t)< C || / || (Sjt) || L*u ||(_ m _Q, 

and therefore F is a bounded linear functional on the subspace X C H^ m ~ 1 ^ (Q). The Hahn-Banach 
Theorem then yields an extension F of F to a bounded linear functional on all of ij(~ m > — ^(O). 
According to Lemma |5.2| there then exists it G -ff( m, ^(Q) such that 

F(iu) = (it, to) for all it; G iZ^~ m '~^(f2). 

Upon restricting it; back to A, we obtain 

(u,L*v) = F(L*v) = F(L*v) = (f,v) for all u G C£2(fi). 

Conversely, assume that for any / G H^ s,t \Q) there exists a weak solution it/ G H^ m ' l \Q), then 

IC/»| < <|| u f \\(m,l)\\ L*v || ( _ m _j)= G/ || L*i; ||(- m -0 • 

Consider the linear functional Gf(v) = (f,v) on iT(~ s, ~*)(0), By the Riesz Representation Theorem 
we may write Gf(v) = (J -1 ° 3~ 1 (f), v)(- s -t) f° r some 5 _1 G i?^ —s ' — *J (£1). From the proof 

of Lemmas O and O, we know that S" 1 o DT 1 : (ft) -> #(~ s ~*)(ft) is an isometry. Thus 

IGT 1 or 1 !/),, II ^ llSn,-o)(-.,-*)l = II L * v HrVo)l ^ c /- 

We now have a family of bounded linear functionals J v G H^~ s ~^ (fl)* given by 

J v (u) = (u,v || L*w ll^^f-s-t), 
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where u = # 1 o3 1 (f) for some / G H^ s ' l \^l). This family is pointwise bounded for all w G CgS(Jl), 
and therefore the Banach-Steinhaus Theorem asserts that this family is uniformly bounded, that is, 
II Jv || < C for all v € Cgt(U). However 

-1 „ t-l/.n II II „. II r *„. ii-l 



so that 

Also by choosing 
we obtain 
so that 
Hence 



\Mu)\ <\\d o 3 (/) || ( _ a _ t) || v || L*v || ( _ ro _ || ( _ a _ t) , 

II Jv \\<\\ v || L*v H^^H^-t) . 

i-i 

l(-m,-i) 

\(-m-l)>\ -II u H ^ " ll(-m,-O ll (-s-*)' 

J, ||>|| « II ll^-olk-s,-^ • 



?- 1 oj- 1 (/) = ,|| ^ ||7L_. 



|J>|| L*v \\7')\ =|| HI L*v \\7L !:; 



^ 11 = 11 v II ll(- m ,-oll(-^-*) • 



Therefore the uniform bound yields 



v 



(s,-t)< C || L*v ||(_ m _j) 



□ 



References 

1. Y. Bcrczanskii, Expansions in Etgenfunctions of Self adjoint Operators, Translations of Mathematical Monographs, 
Vol. 17, AMS, Providence, RI, 1968. 

2. V. Didenko, On the generalized solvability of the Tricomi problem, Ukrain. Math. J., 25(1973), 10-18. 

3. Q. Han, On the isometric embedding of surfaces with Gauss curvature changing sign cleanly, Comm. Pure Appl. 
Math., 58(2005), 285-295. 

4. Q. Han, Local isometric embedding of surfaces with Gauss curvature changing sign stably across a curve, Calc. Var. 
k P.D.E., 25(2006), 79-103. 

5. Q. Han, J.-X. Hong, Isometric Embedding of Riemannian Manifolds in Euclidean Spaces, Mathematical Surveys 
and Monographs, Vol. 130, AMS, Providence, RI, 2006. 

6. Q. Han, M. Khuri, On the local isometric embedding in R 3 of surfaces with Gaussian curvature of mixed sign, 
Comm. Anal. Geom., 18(2010), 649-704. 

7. M. A. Khuri, The local isometric embedding in R 3 of two-dimensional Riemannian manifolds with Gaussian cur- 
vature changing sign to finite order on a curve, J. Differential Geom., 76(2007), 249-291. 

8. M. A. Khuri, Local solvability of degenerate Monge-Ampere equations and applications to geometry, Electron. J. 
Diff. Eqns., 2007(2007), no. 65, 1-37. 

9. M. A. Khuri, Counterexamples to the local solvability of Monge-Ampere equations in the plane, Comm. PDE, 
32(2007), 665-674. 

10. P. D. Lax, On Cauchy's problem for hyperbolic equations and the differentiability of solutions of elliptic equations, 
Comm. Pure Appl. Math. 8(1955), 615-633. 

11. C.-S. Lin, The local isometric embedding in R of two-dimensional Riemannian manifolds with Gaussian curvature 
changing sign cleanly, Comm. Pure Appl. Math., 39(1986), no. 6, 867-887. 

12. D. Lupo, C. S. Morawetz, K. R. Payne, On closed boundary value problems for equations of mixed elliptic-hyperbolic 
type, Comm. Pure Appl. Math. 60(2007), no. 9, 1319-1348. 

13. K. R. Payne, Multiplier methods for mixed type equations, Int. J. Appl. Math. Stat., 8(2007), no. M07, 58-75. 

14. F. G. Tricomi, Sulle equazioni lineari alle derivate parziali di secondo ordine, di tipo misto, Atti Acad. Naz. Lincei 
Mem. CI. Fis. Mat. Nat., 14(1923), no. 5, 134-247. 



BOUNDARY VALUE PROBLEMS FOR MIXED TYPE EQUATIONS AND APPLICATIONS 



15 



Department of Mathematics, Stony Brook University, Stony Brook, NY 11794 
E-mail address: khuri@math.sunysb.edu 



